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(On the first homology group of equivariant Lipschitz homeomorphism groups.)
(K\={o}jun Abe)





$i\backslash \cdot I_{\}N$ :
$f$ : $Marrow N$ , $\forall p\in l?I$ $P$
$(U, \varphi)$ $f(p)$ $(V \prime 4^{!’)})(f(U)\subset V)$ $K>0$
:
$|(\cdot\psi ofo\varphi^{-1})(\iota\tau)-(’\iota^{l}/^{})ofo_{\Psi}l\wedge^{-1})(y)|\leq K|x-y|$ , $(x.y\in\varphi(U))$ .
$f$ $f^{-1}$




$K$ $ilI$ $U$ $f$ $l|,I$
$f(K)$ $l\downarrow I$ $1^{r}$
$\underline{\succ^{\wedge}}>0$ $\mathcal{N}(f:_{r}(U. \vee^{\triangleleft)}\cdot(l^{7}.-\iota/|).K. \underline{-})$ $\mathfrak{h}I$
$g$
(1) $|(\mathfrak{h}’.’ Ofo_{\Psi}^{\triangleleft^{-1}}’)$ (r)– $(\ ’ ogo_{\hat{r}^{-1}})(x)|<\hat{c}$ $(’.\iota\in K)$ .
(2) $|((L_{l}^{l}1\dagger ofo\varphi^{-1})(x)-(\cdot t^{f}\dagger L’$
$<\overline{\prime}|x-y|$ $(x, y\in K)$ .
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$\vee(f_{\backslash }(C_{\hat{r}}^{\tau}\backslash ). (t^{\vee}\backslash \iota^{1}). K. --\wedge)$ $\mathcal{L}($ $’(tI)$




$L_{G}$ (il $l$ ) $(\mathcal{H}_{LlP.G}(1tI))$ : $G$-
( )
$K$ $[K, K]$ ,
$K$ 1 $H_{1}(K)$ $=$ K/[I , $K$ ]
$G$- $\Lambda I$ 1 $H_{1}(\mathcal{H}_{LIP}(\wedge\eta[))$
$i\backslash I$ $G$ lr
Theorem 1.1 $([AF6])$ $G$ $V$ 1
$\mathcal{H}_{LIP}(\Lambda I)$
$V$ 1 $L_{G}(V’)$




$\mathcal{D}_{G}(1\mathfrak{h}[)$ $H_{1}(\mathcal{D}_{G}(M))$ $H_{1}(\mathcal{D}_{U(n)}(C^{n}))\cong R\cross U(1)$
$G$-
1 $G$- $1\lambda I$
$itI/G$ $S^{1}$ $[0,1]$ $i\uparrow I/G$ $S^{1}$ $G$-
$1\lambda I$ 1 [AF2] $\mathcal{H}_{LIP}(\Lambda I)$
$\Lambda I/G$ $[0,1]$ $ltI$ 2 3
$A(tI$ $(H)$ $(I_{1_{0}^{\vee}}),$ $(K_{1})$
$\dagger\overline{I}^{\tau}(1i|l)=(\frac{\lambda’1V(H)\cap\lrcorner\prime V(I_{1_{0}^{\vee}})}{\Lambda_{0}^{-}}\cross\frac{4^{\prime V(H)\cap N(A_{1}^{-})}}{A_{1}^{-}})_{0}$
$N(H)$ $H$ $G$
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Theorem 1.2 ([AF6]) $H_{1}(\mathcal{H}_{LIP_{t}G}(A’1I))\cong H_{1}(\dagger i^{r}(11I))$ .
\S 2. Theorem 1.1
$V=C$ $G=U(1)$
$e=(1.0)$
$\pi$ : $Carrow C/U(1)$




$\Psi$ : $\mathcal{H}_{LIP}(R_{+})arrow \mathcal{H}_{LIP.G}(V)$
$\Psi(f)(\prime t’)=\{\begin{array}{ll}\frac{\sqrt{f(|v|^{2})}}{|\iota|}C’ (v\neq 0)0 (t^{r}=0)\end{array}$
Lemma 2.1 $P$ : $\mathcal{H}_{LIP,U(1)}(C)arrow \mathcal{H}_{LIP}(R_{+})$ $\Psi$ $P$
[AF2], Theorem 5.1, Corollary 5.5 $\mathcal{H}_{LIP}(R_{+})$ ,
$H_{1}(\mathcal{H}_{LIP.U(1)}(C))$ $KerP$
$h\in KerP$
$Cl_{h}$ : $R_{+}=(0, \infty)arrow U(1)$
$fi.(\prime r\cdot e)=xa_{h}(x^{2})\cdot e$ for $x\in R_{+}$ .
$E$ : $Rarrow l^{T}(1)$
(1),(2)
(1) $S1lI^{j}J)(h)\subset\pi^{-1}((0,1])$
(2) $\vee\sigma>0$ $h$, $1_{V}\cdot\ovalbox{\tt\small REJECT}$ $\vee^{-close}\sigma^{\backslash }$
$\hat{a},$, : $(0,1]arrow R$ $Eo\hat{c}i_{h}=(1\cdot/\iota\cdot\hat{0}/?(1)=0$
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$C(R)$ : (L) $(0.1]$ $f$
(L): $K>0$ ;
$|f(x)-f(y)| \leq\frac{A’}{r}(y-x)$ for $0<\sim\iota\cdot\leq\cdot t$) $\leq 1$ .
$C_{0}(R)=$ { $f\in C(R):f$ }
Lemma 2.2 $\hat{a}_{h}\in C_{0}(R)$ .
$0^{l}\in C_{0}(R)$ $o^{l}(1)=0$ (L) $0$
$h_{c\iota}(.rg\cdot e)=\{\begin{array}{ll}xgE(\mathfrak{a}(x))\cdot e 0<x\leq 1, g\in G0 x=0xg\cdot e x>1.\end{array}$
Lemma 2.3 $h$ . $\in KerP$ .
Lemma 2.4 (1), (2) //3, $\gamma$ : $(0.1] arrow\dagger\cdot I_{1}^{\tau}\int$
(1) $l^{l}3.\gamma$ $(L)$ .
(2) $h_{\beta}oh_{\gamma}=h.$ .
Theoreml. 1 $($’
Proposition 2.5 $\xi\in \mathcal{H}_{LIP}([0,1])$ $(0,1]$
$\lambda$
(1) $\lambda$ $(L)$ ,
(2) $\beta=\lambda\circ\xi-\lambda$ .
Proposition 2.5 $\ovalbox{\tt\small REJECT}_{)}$
$f\iota_{\lambda}^{-1}0\Psi(\xi)^{-1}\circ h_{\lambda}o\Psi(\xi)=h_{\lambda\text{ }\xi-\lambda}=h_{\beta}$ .
$h_{3}\in[KerP. \mathcal{H}_{LIP,L^{\Gamma}(1)}(C)]$ .
$h_{\gamma}\in[KerP,$ $\mathcal{H}_{LIP.t^{t}(1)}(C)]$ Lemnia2.4 $h\in$
$[KerP. \mathcal{H}_{LIP.L^{\gamma}(1)}(C)]$ . $KerP\subset[KerP.\mathcal{H}_{LIP.C^{r}(1)}(C)]$
Lemma 2.1
$Ket^{\tau}P/[KerP,$ $\mathcal{H}_{LIP.C’(1)}(C)]arrow H_{1}(\mathcal{H}_{LIP.\iota r}(\iota)(C))arrow H_{1}(\mathcal{H}_{LIP}(R_{+})arrow 0$ .
[AF2], Theorem 5.1 $H_{1}(\mathcal{H}_{LIP}(R_{+}))=0$ $\mathcal{H}_{LIP.\zeta(1)};(C)$
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$-A$ 1 $G$ $G=U(1),$ $V^{v}=C$
\S 3. Theorem 1.2
$l|I$ 1 $G$- $41I/G$ $[0,1]$
$4^{\prime tI}$
$\lambda l=G\cross I^{\vee}\backslash 0D(T_{0}/^{\prime^{r}})\cup\eta G\cross K_{1}D(l_{1}^{t})$
$D(V_{i})$ $\eta$
Lemma 3.1 ([A], Lemma 1.2) There exist a smooth G-map $\theta$ : $i\backslash Iarrow[0_{\}1]$
and a G-diffeomorphism $\alpha$ : $\theta^{-1}((0,1))arrow G/H\cross(0,1)$ such that
(1) $\phi$ : A $I/Garrow[0,1]$ is a homeomorphism. where $\phi$ is the map induced
from the G-map $\theta$ satisfiying $\phi\circ\pi=\theta$ .
(2) $\theta\circ\alpha^{-1}$ : $G/H\cross(O, 1)arrow(0,1)$ is the $proJ^{ection}$ on the second factor.
(3) $\theta^{-1}([0, \frac{1}{2}])=G\cross I_{t_{0}^{-}}D(V_{0})$ and $\theta^{-1}([\frac{1}{2},1])=G\cross K_{1}D(\mathcal{V}_{1}’)$ .
(4) $\theta([g$ . $[f])=|\tau|^{2}$ for $[g, v] \in G\cross A_{0}D(V_{0}’r)i\iota ith|v|\leq\frac{1}{2}’$.
$\theta([g$ . $\iotaJ|)=1-|v|^{2}$ for $[g,$ $x|\in G\cross I_{\dot{1}1}’D(V_{1})$ with $|v| \leq\frac{1}{2}$ .
$P$ : $\mathcal{H}_{LIP,G}(\Delta hl)arrow \mathcal{H}_{LIP.G}([0.1])$
$P(h.)(\theta(x))=\theta(h(x))$ for $h\in D_{G}(\Lambda I),$ $x\in\perp^{\prime\iota I}$ .
Proposition 3.2 $P$ $\Psi$ : $\mathcal{H}_{LIP.G}([0.1])arrow \mathcal{H}_{LIP,G}(1tI)$
$h\in KerP$ $\hat{h}$
$G/H\cross(O. 1)^{\alpha^{-1}}arrow\theta^{-1}((0.1))arrow h\theta^{-1}((0,1))arrow\alpha G/Hx(0\eta 1)$ .
$\hat$
level preserving equivariant Lipschitz liomeomorphism
$c\iota_{h}$ : $(0,1)arrow N(H)/H$
$\hat{h}(gH_{t}x)=(ga_{h}(x), .\iota\cdot\cdot)$ . $(gH.x)\in G/H\cross(O. 1)$ .




$T_{1}(h)=x\neg 11i_{1}n\overline{\pi}_{1}(t\iota_{h}(x))\in(N(H)\cap N(K_{1}))/K_{1}$ .
(2) $h(gK_{0})=gT_{0}(h),$ $h(gK_{1})=gT_{1}(h)$ $f_{07’}g\in G$ .
$T:KerP arrow I,\overline{\text{ }}t^{-}-\cdot(\Lambda I)=(\frac{N(H)\cap N(I_{1_{0}}’)}{I_{t_{0}^{J^{V}}}}\cross\frac{N(H)\cap N(I_{1_{1}^{r}})}{I\iota_{1}’}I_{0}$
$T(h)=(T_{(}(h)_{:}^{-1}T_{1}(h.)^{-1})$ $T$
$\hat{T}:\mathcal{H}_{LIP_{I}G}(1’1I)arrow I\overline{T}^{1^{-}}(j\backslash I)=(\frac{N(H)\cap N(A_{0}’)}{I\iota_{0}’}\cross\frac{N(H)\cap N(A_{1}’)}{K_{1}})_{0}$
$\hat{T}(f?.)=T(\Psi(P(h^{-1})\circ h))$
Corollary 3.4 $\hat{T}$
Proposition 3.5 $Ke7^{\cdot}\hat{T}\subset[Ker\hat{T}, \mathcal{H}_{LIP.G}(\Lambda I)]$ .
Proof of Theorem 1.2. Corollary 3.4 :
$Ker\hat{T}/[Ker\hat{T}$ . $\mathcal{H}_{LIP,G}(\Lambda I)]arrow H_{1}(\mathcal{H}_{LIP.G}(ilI))arrow H_{1}(l\overline{\prime f}^{-}(i\backslash I))arrow 0$ .
Proposition 3.5 $H_{1}(\mathcal{H}_{LIP.G}(11I))\cong H_{1}($Vi $(\Lambda I))l$
Theorein 1.2
Example 3.6
$\lrcorner lI=U(n)\cross\iota^{r}l(1)D^{2}\cup U(n)X_{U(1)}D^{2}$ .
$U(1)$ $D^{2}=\{1^{1}\in C||w|=1\}$
$H=\{1\},$ $A_{0}^{-}=K_{1}=U(1)$ . $N(H)/H=U(n.)$ ,
$((N(H)\cap N(K_{i}))/H=U(1)\cross U(n-1)$ .
$((N(H)\cap N(K_{i}))/K_{i}=U(\uparrow\iota-1)$ .
$H_{1}(\mathcal{H}_{LIP.G}(1\lambda I))\cong H_{1}(U(t?l-1)\cross U(\dagger 1-1))\cong U(1)\cross U(1)$.
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